We address the problem of extending topographic maps to color images. A topographic map gives a morphological and a geometrical representation of the information con tained in natural images. Two approaches are presented and discussed. The first one is new and consists in defining a total order in 1R3 in accordance with the human visual per ception of shapes. This allows to define color topographic maps in the same way that what it has been done for gray level topographic maps. It has the advantage of leading all properties known in the gray-level case to remain true in the color case. But the map contains a so huge quantity of data that it has to be drastically simplified. The second approach. based on a solar unpublished result [4] . allows to build a simplified representation by using the geometry given by the luminance component only. We present experi ments which illustrate the advantages and the drawbacks of each method.
Introduction and Background
This paper discusses the extension of topographic maps to color images. Topographic maps of gray-level images have been recently introduced [5, 6] as a geometrical rep resentation of the information contained in natural images. A lower (or upper) topographic map of a gray-level image u : nCR 2 -+ R is the family of the connected compo nents of the lower (or upper) level sets of u, a lower level set [u ::; ,\) being the set of pixels x such that u ( x) is lower than ,\.
This representation leads to morphological edges [5. 9] , which are selected pieces of level lines (level lines are bor der of level sets). Such structure better matches the percep tual edges properties than the classical Hildreth-Marr theory of edge detection: morphological edges are like perceptual edges invariant to local contrast changes, and they are con nected curves. In addition, the topographic map may yield to a complete description (we just have to record the level A 0-7695-0750-6/00 $10.00 © 2000 IEEE 609 associated to each connected component) so that the origi nal image u may be reconstructed :
A scale parameter may be introduced to keep the most im portant morphological edges only. and from those a sketch image can be computed [8] . First applications of topo graphic maps and morphological edges include extraction of shapes [13, 10] , comparison of images [3, 13] , structured compression [9] and disocclusion [11] . The main drawback of this level set approach, which is probably accountable for the important delay between its in troduction by the Mathematical Morphology school in the 19605 [141 and the use as an atomic representation. stands in the huge quantity of geometrical data associated to a topo graphic map: the amount of bytes needed to code a typical 8-bits 256 x 256 image by its topographic map is about 100 times greater than the amount obtained by the raw pixels description. Quite obviously, the applications based on to pographic maps can't afford to deal with all of these data, and the representation must be widely simplified.
The right way to simplify a topographic map is to apply a morphological filtering on the gray-level image u. A filter F is morphological if it is a contrast invariant operator [6] , that is if, for any increasing continuous real function g, we have
The use of a morphological filter is justified by the prop defines a unique morphological filter F [12] . A simple but powerful example of such operator is given by the grain fil ter [2] : it removes all "shapes" (levels sets with filled holes)
having an area below a threshold. The grain fi lter is there fore useful in simplifying the topographic map, and if the threshold remains low it does not introduce visible degra dation (it has been introduced to remove impulse noise).
Since we have [g(u) ::; ),] = [u ::; g-l (),)], the family of level sets of g( u) is equal to the family of level sets of u : a contrast change preserves the topographic map. In [6] it is proved a stronger property: the topographic map of an image u is equal to the topographic map of another image v if and only if there exists a function g( x, ),) increasing in A such that vex) = g(x, u(x)) for all pixels x (there are other technical properties on the function g, see [6] for de tails). Topographic maps are therefore equivalence classes of images, modulo local contrast changes.
Topographic Maps of Multivalued Images
Let us now consider a color image, which is in the standard RGB color model a multivalued function U = (R,G,B) : n c R 2 -+ R 
or (L1 = L 2 and HI = H2 and 81 ::; 82). This is a lexicographic ordering relation, which has been ap plied alredy to process color images, see for instance [15] .
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We have chosen this order to fit the visual perception of ge ometrical structures: to detect shapes, human eyes are first sensitive to luminance, then to hue and at last to saturation. As in the gray-level case, we define the lower (or upper) color topographic map of U to be the family of the con nected components of the lower (or upper) level sets of U, the lower level set of level A = (AL' AH, AS) being
A color filter F is said to be morphological if it is a contrast invariant operator, that is if for any increasing continuous
Since ::( is a total order, one can check that all properties state in the case of gray-level images are still valid here.
The approach to extend the topographic maps to color images by means of the lexicographic order (4) sounds therefore to be the most natural. However, the drawback of the huge quantity of data contained in the map is now so critical that the scheme may be simply unusable. Indeed, since the conversion from RGB to HSI enhances the chan nel dynamics, the quantity of data obtained for a 24 bits color map is more than 256 2 times the quantity associated to 8 bits gray-level map! The only solution is to drastically simplify the topographic map during its computation, using morphological filters.
Another Morphological Filtering Model for Color Images
In a forthcoming paper, V. Caselles, lM. Morel and one of us [4] propose a different approach to define the topo graphic map of color images (see also [7] ), Now, an opera tor F : R 3 -+ R3 is said to be a morphological filter if for any U and any
we have F(G(U)) = G(F(U)). Notice that, since 9Sfl may be not increasing in R 3 , a morphological filter in the sense given by Section 2 is not necessary a morphological filter in this new sense.
The reason of this new definition is given by the fol lowing result [4] : we suppose L bounded and of bounded variation on n, and H,8 Lebesgue-integrable on n (for a particular choice of L, H, 8 explained in [4] ). Let Aoo be the a-algebra generated by the connected components of the sections of U, i.e., the a-algebra generated by the con nected components of sets of the form [c ::; L < d], for levels c < d such that [c ::; L < dJ is of finite perimeter.
Then, the equation 
Experiments and discussion
The two representations of color images we have intro to attain without a process that removes the geometrical re dundancy between the three channels.
